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a b s t r a c t
The purpose of this paper is to derive a sharp energy decay estimate for a quasi-linear wave
equation with localized strong dissipation of the type−∇ · (a(x)∇ut) in a domainΩ ofRN ,
where a(x) is a nonnegative function supported only on a part of the boundary ∂Ω .We note
that the index of algebraic decay depends on dimension N and no geometrical condition is
imposed on the boundary ∂Ω .
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Many authors have studied the global existence of solutions and the energy decay estimate of quasi-linearwave equations
with some dissipative term [1–3]. Ebihara [4] discussed the global existence and the decay for nonlinear evolution equations
with strong dissipation under small initial data. Nakao [5] studied the energy decay for quasi-linear wave equations with
strong viscosity. Ono [6] has proved the global existence, decay estimates and blow up results for the degenerate nonlinear
wave equation of Kirchhoff type with strong dissipation. Also, many authors dealt with the global existence of solutions to
some wave equations with localized dissipation [7–10]. Motivated by these papers, we will consider the initial boundary
value problem related to a quasi-linear wave equation with a special dissipative term, which satisfies a localized dissipative
property and is weaker than the fully strong dissipative property:
utt −∇ · {σ(|∇u|2)∇u} − ∇ · (a(x)∇ut) = 0 inΩ × [0,∞), (1.1)
u = 0 on ∂Ω × [0,∞), (1.2)
u(x, 0) = u0(x), ut(x, 0) = u1(x) inΩ, (1.3)
where Ω is a bounded domain in RN with a smooth boundary ∂Ω, σ (v) is a function like σ(v) = 1/√1+ v and a(x) is a
nonnegative smooth function onΩ . In particular, we concentrate on localized degenerate dissipation that is active in only
a localized area on the boundary.
The main goal of this paper is to show that the energy for problem (1.1)–(1.3) decay to zero algebraically when t →∞
and derive precise energy decay estimates for problem (1.1)–(1.3). We note that the energy decay rate depends on the
degeneracy of a(x) as well as the regularity of the solution itself. Furthermore, we would like to emphasize that our results
and technical methods can also be applied to another type (for example, a Kirchhoff type equation) of quasi-linear equations
as well as some practical models, for example, the acoustic wave model and the minimal surface model (see [11,12]). For
some related works involving the energy decay for the wave equation with localized dissipation, see [13–17,9].
The paper is organized as follows. In Section 2, we state our main results. Section 3 is devoted to the proof of our main
result.
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2. Preliminaries and the main result
Throughout this paper, we shall denote Sobolev spaces Hm(Ω)with respect to the norm
‖f ‖Hm(Ω) =
−
|α|≤m
‖Dα f ‖L2(Ω),
where Dα = ∂ |α|/(∂xα11 , . . . , ∂x
αN
N ), α = (α1, . . . , αN), αi ≥ 0, i = 1, . . . ,N, |α| = α1 + α2 + · · · + αN , ‖ · ‖Lp(Ω) denotes
Lp norm on an open setΩ ∈ RN and ‖ · ‖ = ‖ · ‖
L2(Ω)
. The space Hm0 (Ω) is the closure of C
∞
0 (Ω) in H
m(Ω). Now, let us give
precise estimates of a(x) and σ(v).
Hypothesis I. a(x) ≥ 0 onΩ, a(·) belong to Cm−1(Ω¯) for some integerm > 0 and
a(x) > 0 a.e., x ∈ ω and
∫
ω
a(x)−pdx <∞ (2.1)
for some p ∈ (0,∞) and an open set ω ⊂ Ω¯ including the part Γ (x0) of ∂Ω . Here Γ (x0) is the part of the boundary ∂Ω
given by Γ (x0) = {x ∈ ∂Ω|(x− x0) · ν(x) > 0}, where x0 ∈ RN and ν(x) denotes the outward unit normal vector at x ∈ ∂Ω .
Hypothesis II. σ(v) belongs to Cm+1(R+ = [0,∞)) and satisfies the condition that there exists L > 0 and l0 ≡ l0(L) > 0
such that σ(v) ≥ l0 > 0 and σ(v)+ 2σ ′(v)v ≥ l0 > 0 for v, 0 ≤ v ≤ L.
We introduce the following well-known lemmas, which will be used in the proof of the main result. We need the
following lemma of Nakao [5].
Lemma 2.1. Let φ(t) be a nonnegative function on R+ satisfying
sup
t≤s≤t+T
φ(s)1+γ ≤ C{φ(t)− φ(t + T )}
with T > 0, γ > 0 and C is some positive constant. Then φ(t) has the decay property
φ(t) ≤

φ(0)−γ + γ
C
(t − T )
− 1γ
for t ≥ T .
The existence and regularity of solutions u to problem (1.1)–(1.3) are given by the following result (see [8]):
Theorem 2.1. Let m be a positive integer and (u0, u1) satisfy the compatibility condition of the mth order. Suppose that
Hypotheses I and II are satisfied with m and p > 0 such that
m ≥ N
2
+ 2 and (2m− N − 1) p > N.
Then there exists an open unbounded set ζ including (0, 0) in D0m such that if (u0, u1) ∈ ζ , problem (1.1)–(1.3) admits a unique
solution u(t) in the class
Xm = ∩mk=0 Ck([0,∞);Hm+1−k(Ω) ∩ H10 (Ω)) ∩ Cm+1([0,∞); L2(Ω))
satisfying the estimate
m+1−
k=0
‖Dkt u(t)‖Hm+1−k ≤ K
for some K > 0. We denote by D0m the set of pairs (u0, u1), which satisfy the compatibility conditions of the mth order.
Throughout this paper, E(t) is the energy of the solution at time t to problem (1.1)–(1.3) defined by
E(t) = 1
2

‖ut‖2 +
∫
Ω
F(|∇u|2)dx

,
where the function F is defined by F(s) =  s0 σ(η)dη.
By Hypothesis II, we have the following conditions on the function F :
(F1): F(|∇u|2) ≥ k0|∇u|2 if |∇u|2 < L, where k0 = supt min0≤θ≤|∇u|2 σ(θ).
(F2): There exists a constant k˜ > 0 such that σ(|∇u|2)|∇u|2 ≥ k˜F(|∇u|2) if |∇u|2 < L, where k˜ = σ(|∇u|2)/ sup σ(θ), 0 <
θ < |∇u|2.
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Suppose that
sup
0≤t≤T
‖∇u(t)‖2∞ < L.
Since σ(v) belongs to Cm+2([0, L]) for some L > 0, there existM = supt max0≤θ≤|∇u|2 σ(θ). By (F1) and (F2), we get the
following inequality
k˜F(|∇u|2) ≤ σ(|∇u|2)|∇u|2 ≤ M|∇u|2 ≤ M
k0
F(|∇u|2). (2.2)
The main result of this paper reads as follows:
Theorem 2.2. Let m be a positive integer and (u0, u1) ∈ Hm+1(Ω)× Hm(Ω) satisfy the compatibility of the mth order relative
to problem (1.1)–(1.3). Suppose that Hypotheses I and II are satisfied with m and p > 0 such that m ≥ N/2 + 2 and
(2m− N − 1)p > N, there exist x0 ∈ RN(N ≥ 2) such that dist(x0, Ω¯) ≥ 1 and ‖∇σ(|∇u|2)‖∞ ≤ δ with small δ > 0. Then,
for the solution u(t) ∈ Xm and a given ε ∈ (0, 1), we have the energy decay estimate
E(t) = O

t−
2m(1+ε)+N(1−ε)
(1−ε)N

. (2.3)
Remark 2.1. We can obtain the energy decay property depending on dimension N and parameter p by choosing a proper
ε ∈ (0, 1). For example, if ε = p/(p + N), then E(t) = O(t−(1+2m(2p+N)/N2)) and if ε = N/(p + N), then E(t) =
O(t−(1+2m(p+2N)/pN)).
3. Proof of Theorem 2.2
First, we shall derive the inequality
TE(t + T ) ≤ C ′

D(t)2 +
∫ t+T
t
∫
Ω
|u|2dxds+
∫ t+T
t
∫
ω
a(x)|∇ut ||∇u|dxds

. (3.1)
The proof of (3.1) is based on the standard multipliers technique [13]. We sketch it briefly.
Multiplying Eq. (1.1) by ut and integrating, then we get
E(t + T )+
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds = E(t). (3.2)
Multiplying Eq. (1.1) by η(x)u and integrating, we obtain∫ t+T
t
∫
Ω
σ(|∇u|2)|∇u|2ηdxds = −(ut , ηu) |t+Tt +
∫ t+T
t
∫
Ω
η|ut |2dxds−
∫ t+T
t
∫
Ω
σ(|∇u|2)∇u · ∇ηudxds
−
∫ t+T
t
∫
Ω
a(x)∇ut · ∇ηudxds−
∫ t+T
t
∫
Ω
a(x)η∇ut · ∇udxds, (3.3)
where η ∈ C1(Ω¯). Multiplying Eq. (1.1) by h(x) · ∇u and integrating, we have
1
2
∫ t+T
t
∫
Ω
∇ · h|ut |2dxds− 12
∫ t+T
t
∫
Ω
(∇ · h+ h · ∇)σ (|∇u|2)|∇u|2dxds+
∫ t+T
t
∫
Ω
N−
i,k=1
uxiuxk
∂
∂xi
hkdxds
= −(ut , h · ∇u) |t+Tt +
∫ t+T
t
∫
Ω
∇ · (a(x)∇ut)h · ∇udxds+ 12
∫ t+T
t
∫
∂Ω
σ(|∇u |2)
 ∂u∂ν
2 ν · hdΓ ds. (3.4)
Setting h(x) = φ(r)(x− x0), r = |x− x0| in (3.4) we obtain
1
2
∫ t+T
t
∫
Ω
(Nφ(r)+ φ′(r)r)|ut |2dxds− 12
∫ t+T
t
∫
Ω
(Nφ(r)+ φ′(r)r)σ (|∇u|2)|∇u|2dxds
− 1
2
∫ t+T
t
∫
Ω
φ(r)(x− x0) · ∇σ(|∇u|2)|∇u|2dxds
+
∫ t+T
t
∫
Ω
σ(|∇u|2)(φ′(r)r−1|(x− x0) · ∇u|2 + φ(r)|∇u|2)dxds
= −(ut , φ(x− x0) · ∇u) |t+Tt +
∫ t+T
t
∫
Ω
∇ · (a(x)∇ut)φ(r)(x− x0) · ∇udxds
+ 1
2
∫ t+T
t
∫
∂Ω
σ(|∇u|2)
 ∂u∂ν
2 ν · φ(r)(x− x0)dσds. (3.5)
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From now on, we consider a function η ∈ C1(Ω¯) such that 0 ≤ η ≤ 1, η = 1 on ωˆ and η = 0 onΩ/ω, where ωˆ is an open
set in Ω¯ with Γ (x0) ⊂ Ω ∩ ωˆ ⊂ ω. Combining (3.3) and (3.5), we obtain for any α > 0,∫ t+T
t
∫
Ω

Nφ(r)+ φ′(r)r
2

− αη(x)

|ut |2dxds
+
∫ t+T
t
∫
Ω

αη(x)−

(N − 2)φ(r)+ φ′(r)r
2

σ(|∇u|2)|∇u|2dxds
≤
∫ t+T
t
∫
ω
αa(x)|∇ut ||∇u|dxds+
∫
Ω
αη(x)|ut(t)||u(t)|dx+
∫
Ω
αη(x)|ut(t + T )||u(t + T )|dx
+
∫ t+T
t
∫
Ω
ασ(|∇u|2)|∇u||∇η||u|dxds+
∫ t+T
t
∫
Ω
αa(x)|∇ut ||∇η||u|dxds
+ 1
2
∫ t+T
t
∫
Ω
φ(r)(x− x0) · ∇σ(|∇u|2)|∇u|2dxds
+
∫
Ω
|ut(t)||φ(r)(x− x0) · ∇u(t)|dx+
∫
Ω
|ut(t + T )||φ(r)(x− x0) · ∇u(t + T )|dx
+
− ∫ t+T
t
∫
Ω
σ(|∇u|2)φ′(r)r−1|(x− x0) · ∇u|2dxds

+
∫ t+T
t
∫
Ω
∇ · (a(x)∇ut)φ(r)(x− x0) · ∇udxds

+1
2
∫ t+T
t
∫
∂Ω
σ(|∇u|2)
 ∂u∂ν
2 ν · φ(r)(x− x0)dσds
=
∫ t+T
t
∫
ω
αa(x)|∇ut ||∇u|dxds+ I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9 + I10. (3.6)
First, we find a proper estimate for the term of the left hand side of (3.6). Now, we take a function φ(r), r = |x− x0|, defined
by
φ(r) =

δ0r1−N , N ≥ 3,
δ0r−
3
2 , N = 2, (3.7)
where δ0 > 0, r ≥ 1, and dist(x0, Ω¯) ≥ 1. For case N ≥ 3, we get∫ t+T
t
∫
Ω

Nφ(r)+ φ′(r)r
2

− αη(x)

|ut |2dxds
+
∫ t+T
t
∫
Ω

αη(x)−

(N − 2)φ(r)+ φ′(r)r
2

σ(|∇u|2)|∇u|2dxds
=
∫ t+T
t
∫
Ω

1
2
δ0r1−N − αη

|ut |2dxds+
∫ t+T
t
∫
Ω

αη − 1
2
δ0r1−N(−1)

σ(|∇u|2)|∇u|2dxds.
Taking 0 < α < δ0r1−N/2, then we get the following inequality.∫ t+T
t
2Cα k˜E(s)ds ≤
∫ t+T
t
∫
Ω
2Cα
1
2

|ut |2 + k˜F(|∇u|2)

dxds
≤
∫ t+T
t
∫
Ω
2Cα
1
2
|ut |2 + σ(|∇u|2)|∇u|2 dxds
≤
∫ t+T
t
∫
Ω

Nφ(r)+ φ′(r)r
2

− αη(x)

|ut |2dxds
+
∫ t+T
t
∫
Ω

αη(x)−

(N − 2)φ(r)+ φ′(r)r
2

σ(|∇u|2)|∇u|2dxds, (3.8)
where Cα = (δ0r1−N/2 − αη) > 0. In the first inequality, we have used the fact k˜ ≤ 1. In the second inequality we used
condition (F2). In the third inequality we have used the fact Cα = δ0r1−N/2 − αη = (Nφ(r) + φ′(r)r)/2 − αη(x) <
αη(x)− ((N − 2)φ(r)+ φ′(r)r)/2.
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Second, we will find a proper estimate for the term of the right hand side of (3.6).
I1 =
∫
Ω
αη|ut(t)||u(t)|dx
≤ 1
4
δ0
∫
Ω
|ut(t)|2dx+ 14δ0C1
1
k0
∫
Ω
F(|∇u(t)|2)dx ≤ C2E(t),
where C2 = max{δ0/2, δ0C1/2k0} andwehave used Poincare’s inequality ‖u‖L2(Ω) ≤ C1‖∇u‖L2(Ω) for some constant C1 > 0,
the facts 0 ≤ η ≤ 1 and α < δ0r1−N/2 < δ0/2(N ≥ 3, r ≥ 1), and the condition (F1). Similarly, we obtain
I2 =
∫
Ω
αη|ut(t + T )||u(t + T )|dx ≤ C2E(t + T ).
Next, we estimate I3 given by
I3 =
∫ t+T
t
∫
Ω
ασ(|∇u|2)|∇u||∇η ‖ u|dxds ≤
∫ t+T
t
∫
Ω
M
1
2
δ0C∗|∇u||u|dxds
≤ 1
2
δ20C
∗2M2
1
ε
∫ t+T
t
∫
Ω
|u|2dxds+ ε 1
2
∫ t+T
t
∫
Ω
|∇u|2dxds
≤ 1
2
δ20M
2C∗2
1
ε
∫ t+T
t
∫
Ω
|u|2dxds+ 1
k0
ε
∫ t+T
t
1
2

‖ut(s)‖2 +
∫
Ω
F(|∇u|2)dx

ds
≤ C3(ε)
∫ t+T
t
∫
Ω
|u|2dxds+ ε
k0
∫ t+T
t
E(s)ds,
where C3(ε) = δ20C∗2M2/2ε. Here, we have used the facts 0 < α < δ0/2, 0 ≤ η ≤ 1, |∇η| ≤ C∗,M = supt max0≤θ≤|∇u|2
σ(θ) and the condition (F1). We also get
I4 =
∫ t+T
t
∫
Ω
αa(x)|∇ut ||∇η||u|dxds
≤
∫ t+T
t
∫
Ω
1
2
δ0C∗a(x)|∇ut ||u|dxds
≤ 1
2
δ20C
∗2 1
ε
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds+ 12ε
∫ t+T
t
∫
Ω
a(x)|u|2dxds
≤ 1
2
δ20C
∗2 1
ε
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds+ 12‖a‖∞ε
∫ t+T
t
∫
Ω
|u|2dsdx
≤ 1
2
δ20C
∗2 1
ε
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds+ ‖a‖∞ C1k0 ε
∫ t+T
t
1
2

‖ut(s)‖2 +
∫
Ω
F(|∇u|2)dx

ds
≤ C4(ε)
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds+ εC5
∫ t+T
t
E(s)ds,
where C4(ε) = δ20C∗2/2ε, C5 = ‖a‖∞C1/k0. Using the facts supt ‖∇σ(|∇u|2)‖∞ ≤ δ, |φ| ≤ δ0 and 1 ≤ |x− x0| ≤ C(x0) =
supx∈Ω |x− x0|, we get
I5 = 12
∫ t+T
t
∫
Ω
φ(r)|x− x0||∇σ(|∇u|2)||∇u |2 dxds ≤ C7δ
∫ t+T
t
E(s)ds,
where C7 = δ0C(x0)/k0. It is easy to check the following two inequalities,
I6 =
∫
Ω
|ut(t)||φ(r)(x− x0) · ∇u(t)|dx ≤ C7E(t),
I7 =
∫
Ω
|ut(t + T )||φ(r)(x− x0) · ∇u(t + T )|dx ≤ C7E(t + T ).
For estimating I8, we will use the facts supt ‖σ(|∇u|2)‖∞ ≤ γ and
φ′(r)r−1|x− x0|2 ≤ C∗∗. In fact, we get
I8 =
− ∫ t+T
t
∫
Ω
σ(|∇u|2)φ′(r)r−1|(x− x0) · ∇u|2dxds

≤ γ C∗∗
∫ t+T
t
∫
Ω
|∇u|2dxds
≤ γ C∗∗ 1
k0
∫ t+T
t
E(s)ds.
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Using the facts a(x) = 0 onΩ/ω, the regularity of u, |∇φ(r)(x− x0)| ≤ C8 and | 1|∇u|φ(r)(x− x0)1u| ≤ C9 we get,
I9 =
∫ t+T
t
∫
Ω
∇ · (a(x)∇ut)φ(r)(x− x0) · ∇udxds

≤
∫ t+T
t
∫
ω
a(x)∇ut(∇ · (φ(r)(x− x0))) · ∇udxds
+ ∫ t+T
t
∫
ω
a(x)∇utφ(r)(x− x0)1udxds

≤ C8
∫ t+T
t
∫
ω
a(x)|∇ut‖∇u|dxds+ C9
∫ t+T
t
∫
ω
a(x)|∇ut‖∇u|dxds.
Finally, we will estimate I10. For this estimation, we again use (3.5). This time, we take a vector field h = φ(r)(x− x0) such
that
h · ν ≥ 0, h = ν on Γ (x0) and supp h ⊂ ωˆ.
Then, we can derive
I10 = 12
∫ t+T
t
∫
∂Ω
σ(|∇u|2)
 ∂u∂ν
2 ν · φ(r)(x− x0)dσds
≤ 1
2
δδ0C(x0)
∫ t+T
t
∫
Γ (x0)
 ∂u∂ν
2 dΓ ds
≤ C10

E(t)+ E(t + T )+
∫ t+T
t
∫
ωˆ
|ut |2dxds+
∫ t+T
t
∫
ωˆ
σ(|∇u|2)|∇u|2dxds
+
∫ t+T
t
∫
ωˆ
|∇σ(|∇u |2)||∇u|2dxds+
∫ t+T
t
∫
ωˆ
σ(|∇u|2)|∇u|2dxds
+
∫ t+T
t
∫
ωˆ
|∇u|2dxds+
∫ t+T
t
∫
ωˆ
a(x)|∇ut‖∇u|dxdd

≤ C

E(t)+ E(t + T )+
∫ t+T
t
∫
ω
a(x)|∇ut |2dxds+
∫ t+T
t
∫
ω
a(x)|∇ut‖∇u|dxds

where we used I9, the fact
 t+T
t

ω
|∇ut |2dxdswill be absorbed into
 t+T
t

Ω
a(x)|∇ut |2dxds and the fact (from (3.3))∫ t+T
t
∫
ωˆ
|∇u|2dxds ≤ CE(t)+ CE(t + T )+ C ′
∫ t+T
t
∫
ω
a(x)|∇ut |2dxds+ C ′
∫ t+T
t
∫
ω
a(x)|∇ut ||∇u|dxds.
Here we also consider a function η ∈ C1(Ω¯) such that 0 ≤ η ≤ 1, η = 1 on ωˆ and η = 0 onΩ/ω, where ωˆ is an open set
in Ω¯ with Γ (x0) ⊂ Ω ∩ ωˆ ⊂ ω.
Setting
D(t)2 ≡ E(t)− E(t + T ) =
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds, (3.9)
and combining (3.6), (3.8), (3.9) and inequalities I1 ∼ I10, we can derive the useful inequality∫ t+T
t

2k˜Cα −

1
k0
+ C5

ε − C7δ − C
∗∗
k0
γ

E(s)ds
≤ C ′′

D2(t)+ E(t + T )+
∫ t+T
t
∫
Ω
|u|2dxds+
∫ t+T
t
∫
ω
a(x)|∇ut ||∇u|

dxds. (3.10)
It is noted that we can choose sufficient small ε > 0, δ > 0, γ > 0 so that 2k˜Cα −

1
k0
+ C5

ε − C7δ − C∗∗k0 γ > 0 for
N ≥ 3. Therefore, we can choose proper constant C(δ0) > 0 such that∫ t+T
t
C(δ0)E(s)ds ≤
∫ t+T
t

2k˜Cα −

1
k0
+ C5

ε − C7δ − C
∗∗
k0
γ

E(s)ds.
Using the above inequality and (3.10), we get the following inequality∫ t+T
t
C(δ0)E(s)ds ≤ C ′′

D2(t)+ E(t + T )+
∫ t+T
t
∫
Ω
|u|2dxds+
∫ t+T
t
∫
ω
a(x)|∇ut ||∇u|

dxds.
170 D. Kim et al. / Computers and Mathematics with Applications 62 (2011) 164–172
Combining this result and TE(t + T ) ≤  t+Tt E(s)ds, we can obtain inequality (3.1). For case N = 2, we take 0 < α <
δ0r−3/2/8 and Cα = δ0r−3/2/8− αη and using the similar method above we get the same result. Finally, we must show the
boundedness of the second term in the right hand side of (3.1). For this, we have the following proposition, which is proved
by a similar way due to [8,17].
Proposition 3.1. Let T > 0 be a fixed and sufficient large number, and assume that C0 ≡ C0(K) > 0 and ε > 0 such that
C(K)E(0) < ε. Then there exists a constant C ′′′ > 0 independent of (u0, u1) such that the estimate∫ t+T
t
‖u(s)‖2ds ≤ C ′′′
∫ t+T
t
∫
Ω
a(x)|∇ut |2dxds+
∫ t+T
t
∫
ω
|ut |2dxds

holds for any energy finite solution to problem (1.1)–(1.3).
Proof. We sketch it briefly. Suppose that the assertion was false. Then there exists a sequence {tn} ⊂ R and a sequence of
solutions {un} such that∫ tn+T
tn
‖un(s)‖2ds = 1
and ∫ tn+T
tn
∫
Ω
a(x)|∇unt |2dxds+
∫ tn+T
tn
∫
ω
|unt |2dxds → 0
as n →∞. Setting vn(t) = un(t + tn), we have∫ T
0
‖vn(s)‖2ds = 1
and ∫ T
0
∫
Ω
a(x)|∇vnt |2dxds+
∫ T
0
∫
ω
|vnt |2dxds → 0
as n →∞, and by (3.2) we also get
sup
0≤t≤T
‖vnt(t)‖2 + ‖∇vn(t)‖2 ≤ sup
0≤t≤T

‖vnt(t)‖2 +
∫
Ω
F(|∇vn(t)|2)dx

= 2E(vn(0)) = 2

E(vn(T ))+
∫ T
0
∫
Ω
a(x)|∇vnt |2dxds

≤ C1 <∞
for large n, where C1 is a constant independent of (u0, u1). Hence, there v ∈ L∞([0, T ];H10 (Ω))∩W 1,∞([0, T ]; L2(Ω)) such
that vn → v weakly∗ in L∞([0, T ];H10 (Ω)) ∩W 1,∞([0, T ]; L2(Ω)) and strongly in L2(Ω × [0, T ]). Thus from the equation
vntt −∇ · {σ(|∇vn|2)∇vn} − ∇ · (a(x)∇vnt) = 0 inΩ × [0, T ]
we have
vtt −∇ · {σ(|∇v|2)∇v} = 0 inΩ × [0, T ] (3.11)
with the additional conditions∫ T
0
∫
Ω
a(x)|∇vt |2dxds = 0,
∫ T
0
∫
ω
|vt |2dxds = 0 (3.12)
and ∫ T
0
‖v(s)‖2ds = 1. (3.13)
From the second part of (3.12), we see vt = 0 in ω × [0, T ].
Using a similar method in [8, Lemma 4.1], we can check ∂∂t σ(|∇v|2)
+ |∇σ(|∇v |2)| + ∇ ∂∂t σ(|∇v|2)
 ≤ ε.
By the unique continuation property for the wave equation, there exists T0 > 0 such that if T > T0, then vt(x, t) = 0
on Ω × [0, T ] which together with (3.11) implies that v(x, t) = v(x), independent of t and −1v(x) = 0 in Ω . Since
v ∈ C([0, T ];H10 (Ω)) ∩ C1([0, T ]; L2(Ω)), we can see ∇v(x) = 0 and so v(x) ≡ 0. This is a contradiction to (3.13). 
Using (3.1) and Proposition 3.2, we can derive the useful result for the energy decay estimates.
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Proposition 3.2. Let T > 0 be a fixed and sufficient large number. For the solution u(t) ∈ Xm, there exists a constant C > 0
satisfying the estimate
E(t + T ) ≤ C

D(t)2 +
∫ t+T
t
∫
ω
a(x)|∇ut | |∇u|dxds

. (3.14)
Proof. Form (3.1), using Proposition 3.1 and Poincare’s inequality, we get
TE(t + T ) ≤ C ′′′′

D(t)2 +
∫ t+T
t
∫
ω
|∇ut |2dxds+
∫ t+T
t
∫
ω
a(x)|∇ut ||∇u|dxds

.
Since
 t+T
t

ω
|∇ut |2dxdswill be absorbed into
 t+T
t

Ω
a(x)|∇ut |2dxds ≡ D2(t), we obtain (3.14). 
We are now in a position to prove the main result. In order to complete the proof of Theorem 2.2, we must find a proper
estimate for the term of the first integral in the right hand side of (3.14). By the Gagliardo–Nirenberg inequality, we have
‖∇u‖L2(ω) ≤ C‖∇u‖θHm(ω)‖∇u‖1−θL1+ε(ω), (3.15)
where θ = (1− ε)N/(2m(1+ ε)+ N(1− ε)), 0 < ε < 1. Using hypothesis on F and Hölder inequality we get∫
ω
|∇u|1+εdx ≤ C1
∫
ω
dx
 1−ε
2
∫
ω
|∇u|1+ε 21+ε dx
 1+ε
2
≤ C1
∫
ω
dx
 1−ε
2
∫
ω
1
k0
F(|∇u|2)dx
 1+ε
2
≤ CE(t) 1+ε2 . (3.16)
From (3.15) and (3.16), we obtain∫ t+T
t
∫
ω
a(x)|∇ut | |∇u|dxds ≤ C
∫ t+T
t
∫
ω
a(x)|∇ut |2dxds
 1
2
∫ t+T
t
∫
ω
a(x)|∇u|2dxds
 1
2
≤ C‖a(·)‖ 12∞D(t)‖∇u‖L2(ω) ≤ C ′D(t) sup
t≤s≤t+T
‖∇u(s)‖1−θ
L1+ε(ω)
≤ C ′′D(t)E(t) 1−θ2 ≡ A(t)2.
Thus we have from (3.14) E(t + T ) ≤ C(D(t)2 + A(t)2). Since E(t) − E(t + T ) ≡ D(t)2, we get E(t) ≤ C(D(t)2 + A(t)2).
Using the definition of A(t)2 and Young’s inequality we get the inequality E(t) ≤ CD(t) 21+θ or E(t)1+θ ≤ CD(t)2,, where
θ = (1− ε)N/(2m(1+ ε)+N(1− ε)), 0 < ε < 1. Applying Lemma 2.1 to the above inequality, we get the energy estimate
(2.3), which completes the proof of Theorem 2.2.
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